Colliding and intersecting thin membranes of matter are studied in the Lovelock higher order curvature theory of gravity. We restrict the study to constant curvature membranes in constant curvature AdS and dS background and consider their general intersections. This illustrates some key features which make the higher Lovelock theory different to the Einstein gravity. Lovelock terms couple hypersurfaces of different dimensionalities, extending the range of possible intersection configurations. An intersection allows for localizing matter in sub-manifolds while the bulk geometry is everywhere non-singular. An implication is that the highest number of bulk dimensions which allow a 4-dimensional sub-manifold carrying matter is 7. Also, the example of colliding membranes shows the general feature of Lovelock gravity, that at the collision event (surface) there appears (spacelike) matter, thus naturally violating the dominant energy condition. *
Introduction
Lately, a strange idea has become popular in String theory and cosmology. It has been suggested [1] that we live on a (3 + 1)-dimensional membrane, called a brane world, living in a higher dimensional space-time. Many GR models have been invented to describe the gravitational behaviour of such a brane-world. Although there is a clear conceptual link with String Theory: the extra dimensions, the existence of branes with matter and gauge fields confined to their world-sheets, it is also clear that this is a highly speculative idea.
The higher dimensional gravity theory of Lovelock [2] is an interesting generalisation of General Relativity. In d ≥ 5 the Einstein-Hilbert Lagrangian is not the most general one that produces second order field equations. This property gives the theory a familiar form, in accordance with our experience from classical mechanics and field theory. It allows for a Hamiltonian formulation [3] and the possibility of a well-posed initial value problem [4] .
The Lagrangian which possesses this property was found by Lovelock [2] and it is a linear combination of the Euler densities corresponding to all lower even dimensions [5] .
where [d/2] is the highest integer less than d/2. the generalisation of the Einstein Tensor is the Lovelock Tensor:
The delta is the generalised totally anti-symmetrised Kronecker delta. It is the determinant of a matrix with elements δ M N ,
The Lovelock theories have been studied extensively. Higher dimensional black hole solutions have been found [6] . This has shed some interesting light on questions of black hole entropy. Some cosmological metrics have been studied [7] .
The n max = 2 Lovelock theory, which we call the Gauss-Bonnet theory, have a special physical significance. this is because the n = 2 term is the only quadratic term which has a ghost free perturbation theory about flat space-time. It has been conjectured that the Gauss-Bonnet term is the leading order, purely geometric, correction to the effective action of an underlying unitary fundamental theory [10] . In particular, the Lovelock contributions, motivated by String theory, have played a role in brane-world cosmology [8, 9] .
It was Zumino [5] who formulated the theory in the way we prefer, as an elegant way to prove suggestions by Zwiebach related to low energy String theory [10] . We use the vielbein formulation: E a is the vielbein frame, ω ab the spin connection and Ω ab is the curvature two-form.
In this language, the Lovelock Lagrangian is:
where
and we have defined the totally anti-symmetric tensor such that ǫ (1)...(d) = 1. The Latin letters from the beginning of the alphabet are used for the local Lorentz indices (ddimensional). Greek letters from the middle of the alphabet are used for space-time co-ordinate indices (d-dimensional).
In the Lovelock theory, singular hypersurfaces of co-dimension 1 can be meaningfully defined in terms of distributions [9, 11] , due to the property of quasi-linearity in second derivatives [12] . Brane-worlds of co-dimension 1 have thus been the most well studied and understood. They can also be formulated by means of boundary terms in the action. The correct boundary term is most elegantly derived by a dimensional continuation of the Gauss-Bonnet theorem for a manifold with boundary [13] . This latter approach is the one we have adopted.
The possibility of colliding shells or branes of matter has been studied in the context of GR [14] . In Lovelock gravity, there has been some study of intersecting brane-worlds [15, 16, 17] , but so far, there has been no study of collisions in this context except our comments in our recent work [18, 19] . In that work, we restricted the smoothness of the metric so that there were well defined ortho-normal vectors at the intersection/collision. The most striking fact, physically, about intersections or collisions is that they could carry their own singular stress-energy tensor. This is a phenomenon that does not occur in the Einstein theory.
In the Einstein theory, singular matter can only be accommodated at an intersection of co-dimension 2 intersection if there is a conical singularity, with a deficit angle. Then, it is impossible to define two ortho-normal vectors normal to the intersection. Although Lovelock gravity with a conical singularity can be described in terms of distributions [20, 21] , there is a certain ambiguity about the solutions-in general, we would not expect the thin brane to be the unique limit of a thick brane solution [22, 23] . We shall not consider this kind of singularity in the present work.
We wish to elaborate on these results. In sections 2-4 we present the example of intersecting hypersurfaces in an anti-de Sitter background. In section 5 we discuss colliding hypersurfaces in de Sitter background. In section 6, we give some concluding discussion.
The intersection Junction conditions
For our purposes, hyper-surfaces are (d − 1)-dimensional surfaces which divide the spacetime up into d-dimensional bulk regions. We shall assume that they are space-time like (i.e. with space-like normal vector). If there is a non-zero singular component to the stress-energy tensor with it's support on the hyper-surface, we shall also call it a brane. The connections in the bulk regions are ω 0 , . . . , ω p respectively. {i 0 . . . i p } is a part of the boundary of the (p − 1)-intersection {i 0 · · · p−1 }. The orientation is ∂{i 0 ...i p−1 } = +{i 0 ...i p } + · · · . Swapping any pair of indices reverses the orientation.
If there is a singular component of the stress-energy tensor with it's support on an intersection, we say there is a brane at the intersection. Note that intersections may be space-like, time-like or null (or vary between them).
There are junction conditions relating the singular stress-energy to the geometry [18, 19] . The junction conditions at a p-intersection are obtained from the intersection Lagrangian:
The Ω(t) a p+1 ...bn is short for the (n − p)-fold product: Ω(t) ∧ · · · ∧ Ω(t). The integral is over the p-dimensional simplex
The junction conditions come from explicit Euler variation w.r.t. to the frame:
The factor of −2 is explained in the Appendix. So the Junction condition can be written as:
e is the natural volume element on the intersection. We note that E n (p) is zero if p > n. Also, in even dimensions, E d/2 (p) = 0. Also there is another implicit junction condition: There is a well defined (pseudo) orthonormal frame everywhere. If this condition is not obeyed, then the above formula is not valid. In the case of a hyper-surface Junction condition, it is equivalent to a well-defined induced geometry on the hypersurface. For higher co-dimension intersections it is a quite stringent condition. For example, for a co-dimension 2 intersection, there can be no deficit angle.
Space-like intersections in AdS
We have seen that there is a possibility to localise matter on an intersection in the Gauss-Bonnet theory. We now proceed to a specific example.
The bulk vacuum solution
We shall take the simplest kind of bulk solution. Each bulk region is a constant curvature region of space-time. Such a space-time satisfies
R being a constant [24] . There are three possibilities:
In the Einstein theory, constant curvature empty space will be one of the above three, depending on whether the cosmological constant is positive, negative or zero. In the higher order Lovelock theory, it is possible that more than one type of constant curvature spacetime will satisfy the vacuum field equations. The different possibilities arise because the field equations are polynomial in the curvature. For a constant curvature, this just reduces to a polynomial equation in the curvature scalar.
A more general space-time would be made up of regions of less symmetric vacuum space time. We will not attempt this here, but leave it as a project for the future.
We take the example of anti-de Sitter (AdS) bulk space-time, motivated by: 1) the Randall-sundrum idea of the non-factorisable metric [1] which allows gravitons to be approximately localised in a large extra dimension; 2) the special role of AdS space in recent advances [25] ; 3) The simplicity of the problem from a mathematical point of view. Antide-Sitter space has constant negative curvature:
The constant l has dimensions of length. AdS space is a vacuum solution of the general Lovelock theory (4) provided that the following relation is satisfied:
It is easy to check that if we write:
where u a is a constant vector, we have, assuming zero torsion
Above u 2 = η ab u a u b . For an AdS solution, we take u to be space-like u 2 = +1. The opposite sign choice gives dS spacetime. Now let us write the solution in terms of co-ordinates. We will write the AdS metric in conformally flat form. Define u · x ≡ η µν u (µ) x ν .
With C an arbitrary constant. Contact between (12) and (10) is made by the choice for the vielbein:
We will only be interested in the vicinity of the intersection and will not worry here about the global details of joining together regions of AdS.
Three-way intersection
We will consider the simplest 3-way vertex. There is a plane covered by co-ordinates (x, y) ≡ (x d−2 , x d−1 ). It will also be convenient to use cylindrical co-ordinates: x = ρ cos θ, y = ρ sin θ. There are 3 bulk regions, i = 1, 2, 3, broken up by 3 hypersurfaces, {ij}, at θ = const. The hypersurfaces meet at the intersection, {123}, at ρ = 0. The space-time is divided into regions: Region 1: 0 < θ < θ 1 , Region 2: θ 1 < θ < θ 2 , Region 3: θ 2 < θ < θ 3 , with the identification θ 3 ≡ 0. One can have a conical singularity at the intersection with deficit angle 2π − θ 3 but we will not do so for reasons we will mention. so we take θ 3 = 2π ( fig. 1 ). In each region i let u i = (0, ..., 0, cos φ i , sin φ i ) such that u i · x = ρ cos (θ − φ i ). The metric in each region takes the following form:
We have chosen C = 1 here for convenience. We insist that the metric is continuous, so the factor (u · x)/l + 1 should be continuous across the walls:
There is the trivial solution φ i = φ i+1 , which is smooth across the hypersurface. If we are to have any matter on the hypersurfaces (a brane) we must choose the non-smooth solutions: This allows for u to be different in each region. The spin-connection (10) is not single-valued at the walls. At the intersection, we need more than just continuity of the metric. We must have a well defined ortho-normal basis.
everywhere, including at ρ = 0. Now, since the metric is conformally flat, the angle between two vectors is:
This is well known-a conformal transformation preserves angle. So theta is indeed a measure of the angle between vectors. At ρ = 0, we have E a = (. . . , cos θ a , sin θ a ), but with the identification θ ≡ θ + θ 3 . Since η ab = E a ∠E b = cos(θ b − θ a ), for a well defined ortho-normal frame we require cos(θ b − θ a + rθ 3 ) = 1 or 0 for arbitrary integer r , so we should set 1 θ 3 = 2π. Thus we insist upon having no deficit angle at the intersection.
The junction conditions
Recall, the junction condition at each p-intersection is (7) . In the next section we shall evaluate the general form of E n for the intersections in AdS. Here we shall stick to the co-dimension 2 intersection in the Einstein-Gauss-Bonnet theory. Furthermore, we shall not calculate the Energy-momentum tensor on the branes but proceed to find what is at the intersection.
There is no contribution from the Einstein term: E 1 (2) = 0. Only the Gauss-Bonnet contributes. E 2 (2) is:
The volume of the 2-simplex is 1/2.
The factor in square brackets is
Note e (1)(2) =ẽ is the natural volume element on the intersection. Putting this into (7), we get the following result:
Proposition 2.1. The junction condition for the intersection is:
The singular matter on the intersection is a (d − 2)-dimensional cosmological constant.
Using the double angle formulas, we can prove that this cosmological constant will vanish in d ≥ 5 if and only if: either cos(2θ 1 ) = 1, cos(2θ 2 ) = 1 or cos(2θ 1 ) = cos(2θ 2 ) and sin(2θ 1 ) = sin(2θ 2 ). These solutions are not really intersections at all: i) θ 1 = θ 2 ⇒ φ 1 = φ 3 = 0, region 2 is shrunk to zero; θ 1 = 0 ⇒ φ 2 = φ 3 , region 1 is shrunk to zero; or θ 2 = 2π ⇒ φ 2 = φ 1 , region 3 is shrunk to zero. In these cases there is just a smooth AdS bulk.
In these cases there is just a single hypersurface.
There are many other ways to have three walls intersecting in an AdS bulk. More general solutions have been found by Lee and Tasinato [16] . The above is the simplest case of isotropic branes and an isotropic intersection with cosmological constant type matter. For this simplest case, the existence of an intersection stress-energy tensor is not only possible, but unavoidable.
Higher co-dimension intersections in AdS
So far we have dealt with co-dimension 2 intersections/collisions. We now proceed to look at the higher co-dimension simplicial intersection in AdS background. There are p + 1 bulk regions, i, separated by p + 1 hypersurfaces, {ij}, intersecting at the simplicial intersection {i 0 . . . i p }.
Time-like intersections
The metric in each bulk region is, c.f. (12):
The branes intersect at x α = (0, . . . , 0). Each brane is parameterised generally by f (x α ) = 0, and is assumed to be maximally symmetric in the other d − p dimensions. The continuity of the metric at each hypersurface {ij}: (u i − u j ) · x = 0, implies that (u i − u j ) is proportional to the normal vector to {ij}.
Each AdS region is characterized by a unit spacelike vector u a i , i = 0, .., p and the same AdS scale l which we set to 1. Define
and
Then one can write
The intersection Junction conditions are (7) with:
Applying the identity
we can then write
The factor of (−1) p(p−1)/2 comes from the rearrangement of the indices. The quantity after the symbol × equals
..ap (24) and is calculated in the Appendix. Let n 1 , .., n p be ortho-normal vectors that span the normal space. The one free index intersection volume form is defined bỹ
.apc (25) Note the difference in the position of the free index c from the previous formula. If we define the matrix of components
expanding the vectors u i0 in (23) in the ortho-normal basis we have
so finally
Substituting this in (7) and reinstating l, we get:
The junction condition for the simplicial p-intersection is:
where T (d−p) is the stress-energy tensor on the intersection. This simplifies considerably when p = (d − 1)/2 for d odd or p = (d − 2)/2. Then Λ has only one term and the integral over the simplex is just equal to the volume 1/(p!). We get the lowest dimensional non-trivial Junction condition:
It is easy to check that for d = 5, p = 2, this gives the same result as (15) . Another special case to consider is d = 7, p = 3:
The stress-energy localised at the (d + 1)/2-dimensional simplicial intersection cannot be zero, unless β (d−1)/2 = 0. ii) d even: The stress-energy localised at the (d/2 + 1)-dimensional simplicial intersection cannot be zero, unless β d/2−1 = 0.
Proof : Recall:
and each vector u i0 is proportional to the normal vector of the hypersurface {0i}. If the determinant of u j i is zero then the vectors u i0 are not linearly independent. That is, they can't span the p-dimensional normal space of the codimension p simplicial intersection so the configuration degenerates to a lower co-dimension intersection.
More generally: 
and u i0 are linearly independent space-like vectors which span the normal space, u(t) 2 ≥ 0 and can not be zero everywhere on the p-simplex. So the integral in (29) does not vanish.
Non-simplicial intersections
We now return to a co-dimension 2 intersection. Let us now see what happens if there are four or more hypersurfaces intersecting. We have bulk regions i = 1, . . . , m with hypersurfaces given by the configuration of angles: θ 1 , . . . , θ m . We label the intersection as I.
The metric continuity condition (u i − u i+1 ) · x i = 0 for the i-th hypersurface gives
writing x i = (cos θ i , sin θ i ) where θ i is the position of the i-th hypersurface on plane. One solution of this equation says that φ i − φ i+1 is integer multiple of 2π which is rejected as implying that u i = u i+1 . The other is
. . , m with the convention φ m+1 = φ 1 . ν i 's are integers. there is a discontinuity u i = u i+1 which implies also the discontinuity ω i − ω i+1 of the connection, from the formula (10) . For m = even ≥ 4 we see that there is a constraint on the position of the hypersurfaces independently of the vectors u i :
where ν an integer. We have chosen θ 1 < θ 2 < · · · < θ m . It is not hard to see that the above equation makes sense only for ν = −1. So in this case we can't put the hypersurfaces anywhere we like, without making the metric discontinuous. In fact, one cannot express the u i 's in terms of the position of the hypersurfaces. One finds
plus an integer multiple of π. So for m = even ≥ 4, φ i 's can't be expressed in terms of the positions of the hypersurfaces. The cosmological constant in I is only a function of the bulk regions data φ i . In other words, one cannot map a configuration to a single value of the cosmological constant on the intersection. The intersection behaves rather as part of the background. The same happens to the analogous situation when we study collisions.
For an m=odd number of branes we have from the above formula
We then derive:
We need the junction conditions for a non-simplicial intersection. The abstract approach of ref. [19] allows us at once to write down the answer. We use the formula for the non-simplicial intersection, L I = L 123 + L 134 + · · · + L 1,m−1,m to get:
Using (36), we can express Λ purely in terms of the configuration:
The solution φ i = φ i+1 is trivial so the terms in bracket can not vanish individually. However, there are more degrees of freedom than for the three-way intersection. There should be non-trivial zeroes of Λ. The simplest 3-way planar intersection in AdS background will have singular matter at the intersection. The intersection of a higher odd number of branes may or may not, depending on the geometry.
Colliding Branes and Dominant Energy Condition
A collision is described by an intersection with the timelike coordinate being on the plane of intersection. We take the vectors u to be timelike, that is, we consider dS spacetime. The three normal vectors u i − u j are spacelike; let u i = (cosh ζ i , sinh ζ i ) so (u i − u j ) 2 = 2(cosh(ζ i − ζ j ) − 1) > 0, so the hypersurfaces are actually timelike. Let the positions of the hypersurfaces be given by the configuration of rapidities: ψ 1 , ψ 2 ψ 3 . A general point on a hypersurface is labelled τ (cosh ψ i , sinh ψ i ), suppressing the other dimensions. From the calculation of the previous section we find easily by inspection that the "cosmological constant" (pressure) p in the spacelike collision surface is
One can prove the analogous results to Propositions 3.2 and 3.3. The reasoning is the same: u i − u 0 is positive definite. None of the terms in the sum vanishes alone. So three intersecting inflationary spacetimes with different timelike coordinate lead to matter with pressure at their spacelike intersection in Lovelock gravity.
This explicit example gives us the chance to point out the following, already clear from the general formulas: in a collision there is in general matter appearing at the spacelike collision surface. Now, the dominant energy condition [24] is that for all timelike ξ a , T ab ξ a ξ b ≥ 0 and T ab ξ a is a non-spacelike vector, where T ab the energy tensor. This is clearly violated by the above energy tensor. Thus the dominant energy condition is naturally violated in Lovelock gravity.
One may ask where this instanton-like configuration came from, "uninvited", at the collision surface? One can say that in these theories collisions in general must occur on such instanton-like background. Another point of view is that Lovelock terms represent couplings between different dimensionality hypersurfaces, giving rise to situations of this kind.
Presumably, it is clear that the description of collisions in dS is an analytic continuation of that of intersections in AdS, so some aspects of intersections can be translated to the collisions. Consider then a non-simplicial collision, of m hypersurfaces. When m = even ≥ 4 without much thought we get the constraint
with the r.h.s. being zero as there is no 2π periodicity here. An explicit calculation confirms this. In this case the pressure p at the intersection is not completely determined by the rapidities ψ i . One of the ζ i must also be specified.
Dimensionalities of intersections and 4-dimensional brane universe
In d bulk dimensions Lovelock Lagrangian contains terms of n-th power of the curvature, with d > 2n, or n max = [(d − 1)/2], [ ] the integer part. The lowest dimensional intersection is d − n max or
That is, one can't have an intersection of dimension lower that roughly half the bulk dimensionality, or, for a given intersection dimensionality the maximum possible bulk dimensions are roughly twice that. In particular if we are interested in 4-dimensional sub-manifolds it is easy to see that the available bulk dimensionalities are d = 5, 6, 7.
If we are interested in non-singular bulk geometry, e.g. no conical singularities, intersection provide the means to localize matter in sub-manifolds of co-dimension 2 or higher. As Lovelock gravity is in a certain sense a natural generalization of Einstein theory in d dimensions, the 4-dimensional intersections in d ≤ 7 dimensions exhaust the list of possibilities in the spirit of the "alternative to compactification" scenario. One of course may consider theories of fourth or higher order field equations, hypersurfaces of arbitrary thickness, conical or other singularities in the bulk geometry etc, but all these add a very large number of ugly, model depended possibilities in the already not entirely economical RS-scenario.
We also define e a 1 ...ap := 1 (d − p)! ǫ a 1 ...a d E a p+1 ∧ · · · ∧ E a d (48)
We shall need these identities:
The point is that because the ω equation of motion vanishes identically, we can use (52) replace metric variations directly for vielbein variations, δ g L = δ g(E) L. First, we define
Using (49 -52) and noting that
we find that
The field equations in terms of the vielbeins are:
If there is singular matter with support on some intersection I, we have a term in the action:
The variation gives the stress-energy tensor on I:
is the energy-momentum tensor on I. On the intersection we have an induced metric h and the corresponding volume element e = |h|d d−p x.
The stress-energy tensor will be related to the variation of the appropriate boundary term in the Lovelock action: n β n I L n (p) .
Let n 1 , . . . , n p be an ordered set of ortho-normal vectors which spans the space of vectors normal to I. In terms of the vielbeins, the volume element is:
(n i · n i ) (n 1 ) a 1 · · · (n p ) ap e a 1 ...ap .
(58)
The order of the normal vectors gives the orientation on I. The factor (n i · n i ) is ±1 depending on whether I is time-like or space-like. If we vary the frames tangential to I such that they remain tangent 2 to I, there is a simple relation:
(δE a tangential).
Following the same procedure as above, we then derive:
It is important to remember this factor of −1/2 when relating the stress-energy tensor to the Euler variation w.r.t. the vielbein. This has been used in equation (7) .
